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1. Introduction
In these notes we review the important progress that has taken place in understanding the
world volume theory of coincident supermembranes of M-theory, the M2-branes. These
interacting superconformal theories are expected to be the Chern-Simons gauge theories
coupled to massless matter [1]. During the past two years, remarkable new theories with
extended N ≥ 6 superconformal invariance have been constructed [2, 3, 4]. In particular,
the ABJM theory [4] is a U(N) × U(N) Chern-Simons gauge theory with integer levels
(k,−k); it becomes weakly interacting for k  N . Considerable amount of evidence has
accumulated that this gauge theory describes the low-energy behavior of N M2-branes
placed at the N = 6 supersymmetric orbifold R8/Zk. Therefore, it is conjectured to be
dual, in the sense of the AdS/CFT correspondence [5, 6, 7], to M-theory on AdS4×S7/Zk.
This dual description becomes very useful for N  k.
Before we discuss the role that M2-branes play in the AdS/CFT correspondence, let
us review the correspondence for coincident D3-branes, which in flat space realize the well-
known N = 4 supersymmetric Yang-Mills theory (for reviews see for example [8, 9, 10, 11,
12]). The type IIB supergravity background created by a stack of N coincident D3-branes
can be written as:
ds2 = h(r)−1/2(−dt2 + dx21 + dx22 + dx23) + h(r)1/2(dr2 + r2dΩ25),
h(r) = 1 +
L4
r4
, L4 = 4pigsNα′2,
gsF5 = (1 + ∗) d4x ∧ dh−1(r). (1.1)
As can be seen from the metric, in the “near horizon limit,” which corresponds to taking
r  L, the term h(r) can be approximated by L4/r4 and, therefore, it is easy to see that
the geometry of space-time becomes that of AdS5 × S5. Thus, the system of N D3-branes
in the near horizon limit is described by a Type IIB string theory in AdS5×S5 space-time.
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Now, let us look at this system from the point of view of the world volume theory.
Considering only one D3-brane in flat space, one can see that in the low energy limit it is
a free gauge theory in 3 + 1 dimensions characterized by the lagrangian:
L = −1
4
F 2µν −
1
2
6∑
i=1
(∂µφi)2 + . . . , (1.2)
where the dots indicate the fermionic terms. This lagrangian corresponds to the N = 4
supersymmetric U(1) gauge theory. Since all the fields are uncharged, this is a free theory,
which implies that the moduli space1 is simply R6.
This description can be generalized to a system of N parallel D3-branes, where in the
low energy limit we have the N = 4 supersymmetric Yang-Mills theory with gauge group
U(N) and lagrangian:
L = Tr
[
−1
4
F 2µν − (Dµφi)2 +
g2
4
[φi, φj ]2
]
+ . . . , (1.3)
where the scalar fields φi transform in the adjoint representation of the gauge group. The
moduli space of this theory consists of diagonal matrices:
φi = diag(φi1, φ
i
2, . . . , φ
i
N ), (1.4)
with the gauge transformations acting on the fields by a permutation of the eigenvalues.
From this, it can be understood that the moduli space of this theory is simply (R6)N/SN ,
where SN is the permutation group of N elements.
There is a U(1) subgroup under which all the fields are neutral; it decouples from the
remaining SU(N) gauge group. This U(1) parameterizes the motion of the center of mass
of the stack of N D3-branes. Thus, we can conclude that, in the low energy limit, the gauge
theory living on a stack of N D3-branes is an SU(N) supersymmetric Yang-Mills theory,
which can be studied perturbatively in great detail. Therefore, a stack of N D3-branes in
flat space can be looked at from two points of view: that of string theory which, in the
near horizon limit, leads to Type IIB string theory in AdS5 × S5 with N units of the self-
dual 5-form Ramond-Ramond flux, and that of gauge theory that, in the low energy limit,
leads to an N = 4 super Yang-Mills theory with gauge group SU(N) and adjoint matter.
The strong version of the AdS/CFT conjecture claims that these two limits are equivalent.
Therefore, the 4-d gauge fields and the 10-d strings provide two different descriptions of
the same theory.
The correspondence may be generalized to the cases where a stack of parallel D3-
branes is placed at the tip of a Ricci-flat cone. For this type of background, the metric has
the same form as (1.1), but now dΩ5 refers to the base of the cone, which is an Einstein
manifold often denoted as Y 5; the limit where r → 0 gives the geometry of AdS5 × Y 5.
When the cone is a Calabi-Yau space, the base of the cone is called a Sasaki-Einstein
1From the point of view of gauge theory, the moduli space can be thought of as the space of zero-energy
solutions of the F-term and D-term equations modded out by the gauge symmetry; from the string theory
point of view, the moduli space can be thought of as the space that the branes probe.
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manifold; in these cases the supersymmetry preserved by the theory is one quarter of that
of AdS5 × S5 that we mentioned above. Hence, these are N = 1 superconformal theories.
The example we will now consider is when the Calabi-Yau cone is the conifold (reviews
on the conifold theory can be found in [12, 13]). This case is of interest here because its
gauge theory is related to that appearing in the AdS/CFT duality with M2-branes. Let
us consider the 10 dimensional space-time M4 × C, where M4 is the usual 4 dimensional
Minkowski space-time and C is the conifold. Introducing 4 complex variables ui, with
i = 1, . . . , 4, this manifold can be defined as the locus where the following condition is
satisfied:
u21 + u
2
2 + u
2
3 + u
2
4 = 0. (1.5)
Given this condition, it is clear that the conifold has 3 complex dimensions and, therefore,
6 real dimensions. If we place a D3-brane near the tip of the complex cone defined by
(1.5), we can examine the gauge theory arising on the brane in the low energy limit. This
is an N = 1 supersymmetric Yang-Mills theory with gauge group U(1)1 × U(1)2 and four
chiral fields, that we shall denote as z1, z2, w1 and w2 [14]. They transform under the gauge
groups according to Table 1.
U(1)1 U(1)2
z1, z2 1 −1
w1, w2 −1 1
Table 1: Abelian charges of the chiral fields of the conifold theory under the two gauge groups.
Interestingly, all the matter fields are neutral under the diagonal gauge field2 A+ =
A + Aˆ, and are charged under the anti-diagonal gauge field A− = A − Aˆ. Also, it is
important to note that this theory has no superpotential for the one D3-brane case we are
considering. In order to determine the moduli space, we need to solve the D-term equations
(since there’s no superpotential, there are no F-term equations to impose). The D-terms
for this theory can be written as:
D2
g2
+D
(|z1|2 + |z2|2 − |w1|2 − |w2|2) , (1.6)
where D is the usual auxiliary field. Integrating out the auxiliary field D, the D-terms can
be written as (neglecting overall numerical factors):
g2
(|z1|2 + |z2|2 − |w1|2 − |w2|2)2 . (1.7)
The moduli space of vacua is obtained by imposing the vanishing of the D-terms and
dividing by the gauge group. Thus, we need to impose the condition:
|z1|2 + |z2|2 − |w1|2 − |w2|2 = 0, (1.8)
2We adopt the convention that non hatted quantities refer to gauge group 1, whereas hatted quantities
refer to gauge group 2.
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and the identifications:
zi ∼ zieiα, wi ∼ wie−iα. (1.9)
The moduli space of this gauge theory is precisely the conifold. This manifold can be
viewed as a cone over (SU(2) × SU(2))/U(1), which in the literature is often referred to
as T 1,1. The two SU(2)’s can be thought of as flavour symmetries, one acting on the zi’s,
which transform as a doublet, and the other acting on the wi’s, transforming as a doublet.
Also, the U(1) group is the interacting anti-diagonal subgroup A− under which the chiral
fields are charged.
Another way to define the conifold is by introducing four complex variables, uij , defined
as:
u11 = u1 + iu2, u12 = iu3 − u4,
u21 = iu3 + u4, u22 = u1 − iu2, (1.10)
related to the chiral fields by the relation uij = ziwj . In terms of the new variables, the
defining equation for the conifold can be written simply as:
detuij = 0. (1.11)
This way of defining the conifold is equivalent to the one we have discussed above. Given
the definition of the coordinates uij in terms of wi and zi, the equation (1.11) remains the
same if we act on the chiral fields with the transformations:
zi → λzi wi → λ−1wi λ ∈ C∗. (1.12)
If we write λ = seiα, with s ∈ R+ and α ∈ R, the parameter s can be used to satisfy (1.8),
while α parameterizes the gauge invariance (1.9).
A generalization to the case where we have a stack of N parallel D3-branes probing the
tip of the cone is straightforward. In that case, we have a Yang-Mills theory with N = 1
supersymmetry, gauge group U(N)1 × U(N)2, and chiral matter fields which transform
under these groups according to Table 2.
U(N)1 U(N)2
z1, z2 N N¯
w1, w2 N¯ N
Table 2: Transformations of the chiral fields under the two gauge groups. The symbol N indicates
that a field transforms in the fundamental representation of U(N), whereas N¯ indicates that a field
transforms in the anti-fundamental representation of U(N).
The matter content of this theory can be represented with a so called “quiver” diagram,
which we show in Figure 1. The red nodes correspond to the gauge groups, and each
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z i
wi
Figure 1: The quiver diagram for the conifold gauge theory.
arrow corresponds to a chiral superfield of the theory. An outgoing (incoming) arrow from
a given node signifies that the corresponding chiral field transforms in the fundamental
(anti-fundamental) representation of the corresponding gauge group. Arrows starting and
ending on the same node transform in the adjoint representation of the corresponding gauge
group.
For the case with multiple branes, a superpotential needs to be added. The only
superpotential quartic in the superfields and invariant under the SU(2) × SU(2) flavor
symmetry is:
W ∝ Tr (ACBDzAwBzCwD) ∝ Tr (z1w1z2w2 − z1w2z2w1) . (1.13)
Note that this superpotential vanishes in the abelian case, where all the fields commute.
All the fields have R-charge equal to 1/2. Thus, at the conformal fixed point, the scaling
dimension of each field is:
∆ =
3
2
|R| = 3
4
. (1.14)
It can be shown that the superpotential is an exactly marginal operator for this gauge
theory.
The gauge group of the theory, U(N)1×U(N)2, contains two U(1) factors. The diago-
nal subgroup of the gauge group, under which all the fields are neutral, decouples trivially.
The anti-diagonal subroup, commonly denoted as U(1)B, becomes a global symmetry far
in the IR because its gauge coupling flows to zero. Therefore, the AdS/CFT correspon-
dence for this case states that Type IIB string theory on AdS5 × T 1,1 with N units of
RR flux on T 1,1 is dual to N = 1 supersymmetric Yang-Mills theory with gauge group
SU(N)1 × SU(N)2.
2. One M2-brane and Abelian Chern-Simons Theory
Having briefly introduced the AdS/CFT correspondence in the context of D3-branes, we
are now ready to discuss the correspondence for M2-branes. Let us recall the formulation
of 3-dimensional N = 2 supersymmetric Chern-Simons theories coupled to charged fields
[1, 15]. In the superspace formalism, the Chern-Simons action for theories with a single
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U(1) gauge group and Nf matter flavours can be written, in Wess-Zumino gauge, as:
S =
∫
d3x
∫
d4θ
 k
4pi
VΣ +
Nf∑
i=1
ΦieqiVΦi
 , k ∈ Z (2.1)
where Φi are chiral matter superfields transforming under the gauge group with charge qi,
and where:
V = 2iθθ¯σ + 2θγµθ¯Aµ +
√
2iθ2θ¯χ¯−
√
2iθ¯2θχ+ θ2θ¯2D,
Σ = D¯αDαV. (2.2)
As we can see from above, the vector superfield V is composed of a gauge field Aµ, a
two-component Dirac spinor χ, a scalar field σ, which comes from the A3 component of
the gauge field when we do dimensional reduction from the 3+1 dimensional theory, and
another scalar field D.
The parameter k is called the Chern-Simons level: the requirement that a non-abelian
theory is invariant under large gauge transformations restricts it to integer values. In
components, the action can be written as:
SCS =
k
4pi
∫
d3x
(
µνλAµ∂νAλ + iχ¯χ− 2Dσ
)
,
Smatter =
∫
d3x
Nf∑
i=1
(
−Dµφ†iDµφi − iζ†i /Dζi + qiφ†iDφi − q2i φ†iσ2φi +
−qiζ†i σζi + iqiφ†i χ¯ζi − iqiζ†i χφi
)
, (2.3)
where Dµ represents the covariant derivative, and where φi and ζi represent, respectively,
the scalar and the fermionic part of the chiral matter field Φi.
Note that all the fields in the vector multiplet are non-dynamical, so they are all auxiliary
fields. Integrating out the scalar field D, we have that:
σ = −2pi
k
Nf∑
i=1
qiφ
†
iφi, (2.4)
and the D-term potential can be written as:
VD ∝
Nf∑
i=1
q2i φ
†
iφiσ
2. (2.5)
Note that, because of (2.4), the D-term potential is sextic in the scalar fields φi.
Now let us consider the specific gauge theory proposed in [4] as a description of a single
M2-brane. This theory has gauge group U(1)×U(1), Chern-Simons levels (k,−k) and four
chiral superfields transforming under these groups as given in Table 1. Interestingly, the
quiver diagram for this Chern-Simons gauge theory looks exactly like that in Figure 1. The
matter action for this theory can be written in the superspace formalism as:
Smatter =
∫
d3x
∫
d4θ
(
Z¯Ae−VZAeVˆ + W¯Be−VˆWBeV
)
, A,B = 1, 2, (2.6)
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where ZA andWB are chiral multiplets, whose lowest components are scalar fields that we
denote as ZA and WB. Expanding the action in components, and deriving the equations
of motion for the auxiliary fields, we have that:
σ = σˆ =
2pi
k
(|Z1|2 + |Z2|2 − |W1|2 − |W2|2) . (2.7)
The D-term potential for this theory is proportional to (σ − σˆ)2; therefore, it vanishes.
Since the F-term potential vanishes as well (the abelian theory has no superpotential), we
could be tempted to conclude that the moduli space is simply R8, or C4. However, this is
true only up to a Zk identification.
Let us combine the fields as follows [4, 16]:
Y A =
{
ZA,W †A
}
Y †A =
{
Z†A,WA
}
. (2.8)
The newly defined fields Y A have the same charges as ZA under the gauge group U(1)1 ×
U(1)2.
With this definition, the bosonic part of the Chern-Simons action can be written as:
Sbos =
k
4pi
∫
d3x µνλ
(
Aµ∂νAλ − Aˆµ∂νAˆλ
)
+
∫
d3x DµY †ADµY A . (2.9)
Defining A±µ = Aµ ± Aˆµ, the covariant derivative can be written as:
DµY A = ∂µY A + i(Aµ − Aˆµ)Y A = ∂µY A + iA−µ Y A. (2.10)
The CS action itself can be written in a more concise form as:
SCS =
k
4pi
∫
d3x µνλA−µF
+
νλ. (2.11)
If we define the theory on R3 and map it to R× S2, then there are sectors with quantized
monopole fluxes:3 ∫
S2
F+ = 4pin . (2.12)
If we now consider a gauge transformation for which:
A−µ → A−µ + ∂µΛ−, Y A → eiΛ
−
Y A, (2.13)
this transformation brings about a boundary term that can be written as:
δS =
k
4pi
Λ−
∫
S2
F+. (2.14)
Since the fluxes are quantized, in order for the action to shift by 2pi times an integer, we
must require that:
Λ− =
2pil
k
, l ∈ Z . (2.15)
3For a discussion of the extra factor of 2 appearing in the quantization condition, see [17, 18].
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This provides an identification on the matter fields which implies that the moduli space
for this theory with Chern-Simons levels (k,−k) is C4/Zk.
Another way to derive this result is to note that, since A+µ does not appear in the
action, we can treat F+µν as a basic variable, rather than A
+
µ itself. Thus, in order to ensure
that the equation dF+ = 0 remains valid, we need to add a Lagrange multiplier [19, 20]:
Sτ =
1
4pi
∫
d3x τµνρ∂µF+νρ. (2.16)
Having inserted this term into the action, the equations of motion of F+νρ can be written
as:
A−µ =
1
k
∂µτ . (2.17)
The quantization condition on the fluxes requires that τ be periodic with period 2pi. It
follows that, under the gauge transformations,
τ → τ + kΛ− . (2.18)
We can use this gauge transformation to fix τ to be 0 but, because of its periodicity, we still
have the freedom to make a transformation with Λ− = 2pik . Examining how these “large”
Zk gauge transformations act on the fields Y A, we again conclude that the moduli space
of this Chern-Simons theory is C4/Zk.
In addition to the Zk gauge symmetry, the model has a global U(1)b symmetry which
corresponds to the conserved current jµ ∼ µνλF+νλ. This symmetry acts by shifting the
dual scalar τ . The monopole (anti-monopole) operators e±iτ , that are charged under the
U(1)b, create field configurations with magnetic flux of F+ through the S2 surrounding the
point of insertion.
The non-abelian, U(N) × U(N) version of the model we are discussing was proposed
in 2008 by Aharony, Bergman, Jafferis and Maldacena in [4], and in the literature is often
referred to as the ABJM theory. It has the merit of having the conformal symmetry
manifest, although the complete amount of supersymmetry is not manifest for k = 1, 2 (we
will return to this issue in section 5). A different, older description of the gauge theory on
a stack of N M2-branes is in terms of the IR limit of the gauge theory on N D2-branes,
i.e. the N = 8 supersymmetric Yang-Mills theory in 2 + 1 dimensions. For example, for a
single D2-brane the action is:
S =
∫
d3x
(
−1
4
F 2µν −
7∑
i=1
1
2
(∂µφi)2
)
. (2.19)
Dualizing the field strength to a scalar,
Fµν ∼ µνλ∂λφ8, (2.20)
the SO(8) symmetry acting on the 8 scalars is manifest. However, it is not known how
to generalize the duality transformation to the non-abelian gauge theory on multiple D2-
branes. In this approach to M2-branes, the N = 8 supersymmetry is manifest, but the
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conformal invariance is not; it contains the coupling constant gYM which has dimension of
Energy1/2. Presumably, the superconformal M2-brane theory is the IR sector of the theory
on N D2-branes which emerges for energies much smaller than g2YM .
3. Non-Abelian Chern-Simons theory
A breakthrough in the search for a Chern-Simons matter theory withN = 8 supersymmetry
came with the work of Bagger and Lambert [2] and, independently, Gustavsson[3]. They
constructed a theory, often referred to as the BLG model, using a so-called “3-algebra.”
Given a set of generators Ta, such an algebra can be defined by introducing the triple
product: [
T a, T b, T c
]
= fabcdT
d, (3.1)
where fabcd is a fully anti-symmetric tensor. Given this algebra, a maximally supersym-
metric Chern-Simons lagrangian is:
LCS = 12
µνλ
(
fabcdAµab∂νAλcd +
2
3
f cdagf
efgbAµabAνcdAλef
)
,
Lmatter = −12D
µxaIDµxIa +
i
2
ψ¯aΓµDµψa + i4 ψ¯bΓIJx
I
cx
J
dψaf
abcd
− 1
12
Tr
(
[xI , xJ , xK ][xI , xJ , xK ]
)
, I, J = 1, . . . , 8, (3.2)
where Aµab is the gauge boson, and ψa and x
I = xIaT
a are matter fields4. If we let a =
1, . . . , 4, then we can obtain an SO(4) gauge symmetry by choosing fabcd = fabcd, f being
a constant.5 Not only does this seem like a natural choice, but it turns out to be the only
one that gives a gauge theory with manifest unitarity and N = 8 supersymmetry.
After this model was proposed, it was shown [21, 22] that this gauge theory is equivalent
to an SU(2)× SU(2) Chern-Simons gauge theory with opposite Chern-Simons levels:
LCS = k4pi
µνλ Tr
(
Aµ∂νAλ +
2i
3
AµAνAλ − Aˆµ∂νAˆλ − 2i3 AˆµAˆνAˆλ
)
,
Lmatter = −(DµXI)†DµXI + iΨ¯†ΓµDµΨ− 4ipi
k
Ψ¯†ΓIJ
(
XIXJ†Ψ +XJΨ†XI +
+ΨXI†XJ
)
− 32pi
2
3k2
Tr
(
X [IX†JXK]X†[KXJX†I]
)
, (3.3)
where the covariant derivative can be written as:
DµXI = ∂µXI + iAµXI − iXIAˆµ. (3.4)
The bi-fundamental matter fields XI are related to the ones in the SO(4) notation by:
XI =
1
2
(xI4I2×2 + ixIi σi), (3.5)
4By convention, space-time indices are denoted by Greek letters µ, ν, λ, . . ., gauge indices by a, b, c, . . .,
and SO(8) vector indices by capital letters I, J, . . ..
5The invariance under large gauge transformations requires f = 2pi
k
.
– 9 –
where I2×2 is the 2× 2 identity matrix and σi are the Pauli matrices.
Also, the bi-fundamental matter fields satisfy the reality condition [22]:
X aˆa = −ab Xbbˆ aˆbˆ, ab = iσab2 . (3.6)
An N = 2 superspace formulation of this theory was given in [4, 16]. The gauge
fields A and Aˆ can be thought of as components of two vector supermultiplets, V and Vˆ,
whose other components are auxiliary fields. The matter fields can be combined into chiral
bi-fundamental superfields, which we denote as ZA. The lowest component of ZA is a
complex scalar field ZA, related to the XI fields by:
ZA = XA + iXA+4, A = 1, . . . , 4. (3.7)
In terms of the chiral multiplets ZAa transforming under the SO(4) gauge group and car-
rying R-charge 1/2, the superpotential can be written as:
W = − pi
4!k
ABCD
abcd(ZAa ZBb ZCc ZDd ), (3.8)
Thus, the theory has a manifest U(1)R × SU(4) symmetry. By virtue of (3.5), this super-
potential can be expressed in terms of the bi-fundamental chiral superfields ZA as:
W =
pi
3k
ABCD(ZAZ‡BZCZ‡D) , (3.9)
where we have introduced the operations:
Z‡A = −(ZA)T = X†A + iX†A+4,
Z¯A = −(ZA)∗ = XA − iXA+4. (3.10)
Although the first of these operations might look like a hermitian conjugation, we note
that there is no conjugation of the imaginary part, but only of the scalar multiplets XI .
This operation is crucial because it does not break the holomorphy of the superpotential.
It is not obvious that this N = 2 formalism describes the BLG model. The latter
has N = 8 supersymmetry, and therefore an SO(8)R invariance, whereas (3.9) only has
a manifest U(1)R × SU(4) symmetry. However, expressing the action of this model in
components and integrating out all the auxiliary fields, the sum of the D-term potential
and of the F-term potential has the desired SO(8)R global symmetry [16].
Since the reality condition (3.6) and the “double dagger” operation (3.10) are special
to SU(2)× SU(2), it seems difficult to generalize the construction to gauge groups with a
higher rank. A way to overcome this difficulty, proposed in [4], is to abandon the manifest
global SU(4) invariance by forming the following combinations of the bi-fundamental fields:
Z1 = X1 + iX5, W 1 = X3† + iX7† ,
Z2 = X2 + iX6, W 2 = X4† + iX8† . (3.11)
If we promote the fields ZA and WA to chiral superfields, that we shall denote as ZA and
WA, the superpotential of the model can be written as [4, 16]:
W =
2pi
k
AC
BD Tr
(ZAWBZCWD) . (3.12)
– 10 –
This superpotential looks exactly the same as that for the D3-brane theory on the conifold
and can be easily generalized to higher rank gauge groups of the type SU(N) × SU(N).
Furthermore, there is an important caveat. Apart from the manifest U(1)R×SU(2)×SU(2)
global symmetry, the superpotential has also a U(1) symmetry, under which the chiral
multiplets transform as:
ZA → eiαZA, WB → e−iαWB. (3.13)
In the 3 + 1 dimensional theory on N D3-branes at the conifold singularity, this starts
out as a gauge symmetry but in the far IR becomes global and is identified with a U(1)
baryonic symmetry. In the 2 + 1 dimensional case at hand, the dynamics is different and
we have to treat this U(1) as a gauge symmetry, although eventually it becomes broken to
a Zk subgroup (2.15). Using this argument, as well as type IIB brane constructions, ABJM
proposed that the gauge group on N M2-branes is U(N)×U(N), and not SU(N)×SU(N).
We have already checked that the moduli space of the N = 1 abelian theory with Chern-
Simons levels (k,−k) is the Zk orbifold of C4; thus, this theory correctly describes a
single M2-brane. Additional geometrical arguments for why the ABJM theory describes
N M2-branes on C4/Zk are presented in [24, 25]. A type IIA reduction performed there
leads to D2-branes on the conifold fibered over R, with a 2-form RR-flux turned on. This
explains the close relation between the ABJM theory and the theory [14] for D-branes on
the conifold.
An important property of the classical ABJM action is that the U(1)R×SU(2)×SU(2)
global symmetry is enhanced to SU(4)R, corresponding to N = 6 supersymmetry. The
scalar potential is made of two parts, one coming from the F-terms and the other from the
D-terms. The former can be written as:
V bosF =
∣∣∣∣ ∂W∂ZA
∣∣∣∣2 + ∣∣∣∣ ∂W∂WA
∣∣∣∣2 = Tr [F †AFA +G†AGA] ,
FA =
4pi
k
ACBDW
†BZ†CW
†D,
GA =
4pi
k
AC
BDZ†BW
†CZ†D. (3.14)
The contribution coming from the D-terms can be written as:
V bosD = Tr
[
N †AN
A +M †AMA
]
,
NA = σZA − ZAσˆ, MA = σˆWA −WAσ,
σ =
2pi
k
(ZAZ†A −W †BWB), σˆ =
2pi
k
(Z†AZ
A −WBW †B). (3.15)
Combining the two contributions and using the notation introduced in (2.8), we find that
the full bosonic potential is:
V bos = −4pi
2
3k2
Tr
[
Y AY †AY
BY †BY
CY †C + Y
†
AY
AY †BY
BY †CY
C +
+4Y AY †BY
CY †AY
BY †C − 6Y AY †BY BY †AY CY †C
]
. (3.16)
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The interaction terms, quadratic in the fermion fields and quartic in the scalars, possess the
manifest SU(4)R ∼ SO(6)R symmetry as well [16]. Therefore, this symmetry is manifest
in the classical action; it strongly suggests that, for general N and k, the ABJM theory has
at least N = 6 supersymmetry. An explicit demonstration of the N = 6 superconformal
invariance of the ABJM theory was presented in [26].
4. Gravitational description of coincident M2-branes
A stack of N coincident M2-branes creates the following extremal geometry:
ds211 = h(r)
−2/3 (−dt2 + dx21 + dx22)+ h(r)1/3 (dr2 + r2dΩ27) ,
h(r) = 1 +
L6
r6
, L6 = 32pi2Nl6p,
F4 = d3x ∧ dh(r)−1. (4.1)
In the limit where r → 0, the metric becomes that of AdS4 × S7:
ds211 = L
2
(
1
4
ds2AdS4 + ds
2
S7
)
. (4.2)
For the strongly coupled theory on N M2-branes, the AdS/CFT correspondence predicts
an interesting essential feature that has not been completely understood yet: the number
of degrees of freedom scales as N3/2 [27], not as N2 found for the strongly coupled gauge
theories on D3-branes. One way to see this is through studying the correlation functions of
protected gauge invariant operators. Since their spectrum is in one-to-one correspondence
with the Kaluza-Klein harmonics on S7, we can use the gravity side of AdS/CFT to predict
that all their correlation functions scale like:
〈O1O2 . . .Om〉 ∝ (L/lp)9 ∝ N3/2 , (4.3)
where we have used the relation between L and N obtained in (4.1). Another way is to
study the thermal gauge theory [4, 9, 27]. The non-extremal geometry for a stack of N
M2-branes is:
ds211 = h(r)
−2/3 (−f(r)dt2 + dx21 + dx22)+ h1/3(r)( dr2f(r) + r2dΩ27
)
,
h(r) = 1 +
L6
r6
, f(r) = 1− r
6
0
r6
. (4.4)
In the near-horizon region, r  L, this becomes a black brane in AdS4, and r0 represents
the Schwarzschild radius, which is related to the Hawking temperature T .
If we consider a stack of M2-branes placed at the singularity of the orbifold C4/Zk,
which is described by the level k ABJM theory, then dΩ27 refers to the metric on unit
S7/Zk. When the ’t Hooft coupling λ = N/k is very large, so that the metric is weakly
curved, the Bekenstein-Hawking entropy is written as:
SBH =
A
4GN
= 27/23−3pi2V2T 2k1/2N3/2 +O(N1/2), (4.5)
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where V2 is the spatial volume of the stack of M2-branes. Thus, the AdS/CFT correspon-
dence predicts that for large λ the number of degrees of freedom in the ABJM theory scales
like N3/2k1/2. More generally, the thermal entropy of the ABJM theory can be written as:
SBH
V2T 2
∝ N2f(λ) . (4.6)
In the perturbative regime, λ  1, we expect f(λ) = 1 + O(λ2), while the AdS/CFT
correspondence predicts that:
f(λ) ∝ 1√
λ
, λ 1. (4.7)
This behavior is very different from the situation where a stack of D3-branes is considered.
In that case the Bekenstein-Hawking entropy can be written in a similar form to (4.6) but,
when the ’t Hooft coupling becomes large, the function f(λ) approaches 3/4 at large λ.6
Now, let us discuss the parity transformation. In 2 + 1 dimensions, the reflection of
both coordinates is simply a rotation; therefore, one has to consider the reflection of only
one. Sometimes it has to be accompanied by the action on other fields. For example, in
AdS4 × Y 7, the parity transformation acts on one of the spatial coordinates and on the
3-form:
x1 → −x1, C3 → −C3 . (4.8)
If only the C012 component of the 3-form is turned on, this transformation preserves the
background. This shows that the dual gauge theory cannot be a supersymmetric Chern-
Simons theory with a single gauge group U(N), where the Chern-Simons term violates
the parity [1]. However, theories with two gauge groups and opposite Chern-Simons levels
preserve a parity symmetry that involves the interchange of the gauge groups [21, 28]. For
example, in the ABJM theory, the parity transformation
x1 → −x1, A↔ Aˆ,
Y A ↔ Y †A, ψ†Aα ↔ γ1αβψβA, (4.9)
is a symmetry of the action. This is consistent with the parity symmetry of the AdS4 ×
S7/Zk background of M-theory.
5. Supersymmetry Enhancement and Monopole Operators
Let us show that N = 6 is the correct amount of supersymmetry for N M2-branes placed
at the singularity of C4/Zk for k > 2. The Zk orbifold acts on the 4 complex coordinates
of C4 as:
yA → e2pii/kyA. (5.1)
6The situation becomes even more interesting when we consider a stack of M5-branes, because the
supergravity approximation shows that the Bekenstein-Hawking entropy scales like N3 [27].
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Note that this preserves the SU(4) symmetry that rotates the yA; this is the R-symmetry
from the gauge theory point of view. The generators of Zk act on the SO(8) spinors as:
Ψ→ e2pii(s1+s2+s3+s4)/kΨ, (5.2)
where si = ±1/2 are the spinor weights. By chirality projection, the sum of the si’s has
to be even, giving an 8 dimensional representation. Therefore, the spinors that survive the
orbifold projection must satisfy:
4∑
i=1
si = 0 (mod k). (5.3)
For k > 2, 6 of the 8 spinors are left invariant by the orbifold action. It follows that
this supersymmetric gauge theory is expected to have 12 supercharges and, accordingly,
N = 6 supersymmetry, in agreement with that in the classical action of the ABJM theory.
However, for k = 1, 2 all the spinors are found to be invariant, and the supersymmetry is
enhanced to N = 8. In the following, we will investigate what causes this supersymmetry
enhancement in the ABJM model.
In the ABJM model, the classical global symmetry is U(1)b × SU(4)R. The SU(4)
symmetry is realized by the 15 conserved traceless currents:
jAµB = iTr
[
Y ADµY †B − (DµY A)Y †B + iψ†AγµψB
]
. (5.4)
The U(1)b transformation acts as:
Y A → eiαY A , ψB → eiαψB . (5.5)
The corresponding current is related by the A− equation of motion (in the U(N)× U(N)
theory, A± ∼ TrA ± Tr Aˆ) to the current jµ ∼ µνλF+νλ , which is obviously conserved.
Therefore, the U(1)b charge is carried only by the field configurations that have a flux of F+
through the 2-sphere at infinity of R3. Such field configurations are created by the so-called
“monopole operators” [29] that we discuss next. For some of their recent applications see
[4, 30, 31, 32, 33, 34, 35, 36, 37].
In order for the supersymmetry to be enhanced to N = 8, we need the global symmetry
to be enhanced to SO(8)R, which has 28 generators. Therefore, we need to find 12 conserved
currents in addition to the 16 U(1)b×SU(4)R currents. Construction of these 12 currents is
expected to involve the monopole operators [4]. Each of these operators creates a quantized
flux in a U(1) subgroup of the gauge group through a sphere surrounding the insertion point.
In the ABJM theory, which has gauge group U(N)1 × U(N)2, these monopole operators
are labeled by the Cartan generators H and Hˆ of each of the two U(N) factors of the gauge
group:
H = diag(q1, q2, . . . , qN ), Hˆ = diag(qˆ1, qˆ2, . . . , qˆN ), qi, qˆi ∈ N, (5.6)
where the condition that the entries of the generators have to be integers follows from the
flux quantization condition around the S2 surrounding the insertion point of the monopole.
Also, for convenience, one can arrange the qi’s and the qˆi’s such that:
q1 ≥ q2 ≥ . . . ≥ qN , qˆ1 ≥ qˆ2 ≥ . . . ≥ qˆN . (5.7)
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We will restrict our attention to monopoles with H = Hˆ. We also note that, for each
monopole, there is an anti-monopole.
Generically, if a gauge group has Chern-Simons level k, the monopole operators trans-
form in the representation of the gauge group given by a Young tableaux with kq1 boxes
in the first row, kq2 boxes in the second row, etc7. It follows that in the ABJM theory, the
monopoles are not gauge singlets and can combine with the chiral matter to form gauge
invariant operators.
Consider, for example, the k = 1 theory. Here, the simplest, unit-charge monopole
operator corresponds to q1 = qˆ1 = 1. The corresponding operator, Maaˆ, transforms as
a fundamental under U(N)1 and anti-fundamental under U(N)2. There is also the anti-
monopole operator that transforms in the conjugate representation, (M−1)aˆa. Similarly,
there are doubly charged monopole operators corresponding for example to q1 = qˆ1 = 2,
that we denote (M2)ab
aˆbˆ
, which transform in the symmetric tensor representation under
U(N)1, and in the conjugate representation under U(N)2. We will denote their anti-
monopole operators by (M−2)aˆbˆab. Another type of doubly charged BPS monopole operator
has q1 = q2 = qˆ1 = qˆ2 = 1. Such an operator transforms as an anti-symmetric tensor under
U(N)1, and in the conjugate representation under U(N)2. As we increase the monopole
charge, the variety of different monopoles increases.
Now, let us consider the current operators:
jABµ = i
[
Y ADµY B −DµY AY B + iψ†Aγµψ†B
]
. (5.8)
These operators are not gauge invariant, but they can be combined with the monopole
(M−2)aˆbˆab, which has kq1 = 2, kqˆ1 = 2 and qi = qˆi = 0 for i 6= 1, to form 6 invariant
currents8 that we shall denote as JABµ . Combining their complex conjugates jABµ with
the monopole M2, gives another six conserved currents which are also gauge invariant.
To summarize, the monopoles have provided us with 12 symmetry generators that we can
add to the 16 obvious currents of U(1)b × SU(4)R. With a total of 28 generators, the
global symmetry is enhanced to SO(8)R, as we expected. When k ≥ 3, there is no way
to construct the monopole operators M−2 and M2, which carry two indices under each
U(N); so the symmetry enhancement does not happen.
The importance of the monopoles goes beyond the supersymmetry enhancement for
k = 1, 2. They are also necessary for matching the spectrum of the gauge theory with that
of the dual gravity theory. In the ABJM theory with k = 1, the simplest gauge invariant
operators have the form Y †aˆBaMaaˆ and their conjugate. These operators, linear in the scalar
fields, are expected to have scaling dimension 1/2; they can be thought of as free fields dual
to ‘singleton’ modes in AdS4. The simplest scalar composite operators we can construct
in the ABJM theory at level k = 1 can be written as:
Tr
[
Y †AY
B − 1
4
δBAY
†
CY
C
]
. (5.9)
7Since the gauge groups we are dealing with are U(N) rather than SU(N), the columns of length N
must be taken into account as well.
8The number 6 comes from the anti-symmetry of jABµ under the exchange of A and B.
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There are 15 such traceless operators of dimension 1. The AdS/CFT correspondence
implies that the gauge invariant scalar operators should be in one-to-one correspondence
with the Kaluza-Klein harmonics on S7. There are 35 such harmonics that correspond
to operators of dimension 1. Therefore, we need to find 20 more operators made of two
scalar fields in order to match this part of spectrum with the gravity side. Once again, we
proceed by forming non-gauge-invariant combinations of scalar fields and combining them
with monopoles in order to make them gauge invariant. The 20 gauge invariant operators
written as:
Y †AY
†
BM2, Y AY BM−2, (5.10)
turn out to be what is needed to match the spectrum of the field theory with the gravity
theory. These additional operators have non-vanishing U(1)b charge, which is dual to the
momentum along the M-theory circle.9
It remains to show that the monopole operators do not alter the ‘naive dimension’ 1 of
the scalar bilinears. Since the ABJM theory at low k is a strongly coupled gauge theory, the
monopole operators are quite hard to analyse in detail as there’s no perturbative approach
available. However, a way to overcome this problem is to embed the ABJM theory in an
N = 3 supersymmetric Yang-Mills-Chern-Simons theory, by adding a Yang-Mills term for
the gauge fields in the action [36]:
SYM =
1
4g2
∫
d3x
∫
d2θ Tr
[
UαUα + UˆαUˆα
]
,
Uα = 14D¯
2eVDαe−V , (5.11)
where V is the vector superfield. Also, we add two dynamical adjoint superfields with
kinetic term:
Sadj =
1
g2
∫
d3x
∫
d2θTr
[
−Φ¯e−VΦeV − ˆ¯Φe−VˆΦˆeVˆ
]
. (5.12)
The superpotential can be written as:
W = Tr
(
ΦZAWA + ΦˆWAZA
)
+
k
8pi
Tr
(
ΦΦ− ΦˆΦˆ
)
. (5.13)
The quiver diagram of this supersymmetric gauge theory is presented in Figure 2.
In the IR the gauge coupling g flows to infinity, the kinetic term (5.12) vanishes and the
adjoint fields can be integrated out. The resulting theory is precisely the ABJM model.
In contrast, in the UV the gauge coupling goes to 0, and the theory becomes a weakly
coupled N = 3 supersymmetric Yang-Mills theory that can be studied perturbatively.
Therefore, we can compute quantities in the UV, where the theory is weakly coupled, and
then study the flow to the IR, where the theory becomes the ABJM Chern-Simons theory.
In particular, we can compute the non-abelian SU(2)R charge of the monopole operators,
which is not modified by the RG flow [36].
9If we view the S7 as a circle fibration over CP3, then the reduction to type IIA string theory produces
an AdS4 × CP3 background.
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Figure 2: The quiver diagram for the N = 3 supersymmetric gauge theory which flows to ABJM
theory in the IR.
In the UV we may study the monopoles semi-classically. In order for a classical
monopole background to be BPS (or anti-BPS), we need to turn on the vacuum expecta-
tion values of the scalar fields φi that are in the vector multiplets and that transform in
the spin 1 representation of the R-symmetry group:
φi = −φˆ = ±H2 ni(τ) . (5.14)
The minus sign corresponds to a BPS background, while the plus to anti-BPS. The ni(τ)
vector is a unit vector on the SU(2)R/U(1)R 2-sphere and it may vary with the Euclidean
time τ adiabatically.
The vector ni(τ) couples to the fermions; integrating them out we obtain the induced
action for ni. By solving for its quantum mechanical motion, we can determine the repre-
sentations in which the monopoles transform under the SU(2)R symmetry. For the ABJM
theory, the singlet representation turns out to be allowed. Such monopole operators do
not contribute to the R-charge and, therefore, to the scaling dimension of composite oper-
ators. Thus, the dimensions of composite operators like (5.10) agree with the AdS/CFT
correspondence.
Acknowledgments
We thank the organizers of the Galileo Galilei Institute summer school “New Perspectives
in String Theory” for giving us the opportunity to participate in the school. I.R.K. is
grateful to M. Benna, T. Klose, A. Murugan, M. Smedba¨ck, A. Tseytlin and E. Witten
for collaboration on some of the material reviewed in these notes. G.T. is grateful to A.
Hanany, N. Mekareeya and J. Davey for enlightening discussions on the topics discussed in
these notes. We also thank M. Kiermaier and T. Klose for their useful comments on the
manuscript. The work of I.R.K. was supported in part by the NSF grants PHY-0756966
and PHY-0551164. I.R.K. is grateful to the Kavli Institute for Theoretical Physics for
hospitality during some of his work on these notes. G.T. is grateful to Giuni and Elisa
Rebessi for their invaluable support during the preparation of this manuscript.
– 17 –
References
[1] J. H. Schwarz, “Superconformal Chern-Simons theories,” JHEP 0411, 078 (2004)
[arXiv:hep-th/0411077].
[2] J. Bagger and N. Lambert, “Modeling multiple M2’s,” Phys. Rev. D 75, 045020 (2007)
[arXiv:hep-th/0611108]; J. Bagger and N. Lambert, “Gauge Symmetry and Supersymmetry
of Multiple M2-Branes,” Phys. Rev. D 77, 065008 (2008) [arXiv:0711.0955 [hep-th]];
J. Bagger and N. Lambert, “Comments On Multiple M2-branes,” JHEP 0802, 105 (2008)
[arXiv:0712.3738 [hep-th]].
[3] A. Gustavsson, “Algebraic structures on parallel M2-branes,” Nucl. Phys. B 811, 66 (2009)
[arXiv:0709.1260 [hep-th]].
[4] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, “N=6 superconformal
Chern-Simons-matter theories, M2-branes and their gravity duals,” JHEP 0810, 091 (2008)
[arXiv:0806.1218 [hep-th]].
[5] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv.
Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113]
[arXiv:hep-th/9711200].
[6] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from
non-critical string theory,” Phys. Lett. B 428 (1998) 105 [arXiv:hep-th/9802109].
[7] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998) 253
[arXiv:hep-th/9802150].
[8] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, “Large N field theories,
string theory and gravity,” Phys. Rept. 323, 183 (2000) [arXiv:hep-th/9905111].
[9] I. R. Klebanov, “TASI lectures: Introduction to the AdS/CFT correspondence,”
arXiv:hep-th/0009139.
[10] E. D’Hoker and D. Z. Freedman, “Supersymmetric gauge theories and the AdS/CFT
correspondence,” arXiv:hep-th/0201253.
[11] H. Nastase, “Introduction to AdS-CFT,” arXiv:0712.0689 [hep-th].
[12] M. K. Benna and I. R. Klebanov, “Gauge-String Dualities and Some Applications,”
arXiv:0803.1315 [hep-th].
[13] C. P. Herzog, I. R. Klebanov and P. Ouyang, “D-branes on the conifold and N = 1 gauge /
gravity dualities,” arXiv:hep-th/0205100.
[14] I. R. Klebanov and E. Witten, “Superconformal field theory on threebranes at a Calabi-Yau
singularity,” Nucl. Phys. B 536, 199 (1998) [arXiv:hep-th/9807080].
[15] D. Gaiotto and X. Yin, “Notes on superconformal Chern-Simons-matter theories,” JHEP
0708, 056 (2007) [arXiv:0704.3740 [hep-th]].
[16] M. Benna, I. Klebanov, T. Klose and M. Smedback, “Superconformal Chern-Simons Theories
and AdS4/CFT3 Correspondence,” JHEP 0809, 072 (2008) [arXiv:0806.1519 [hep-th]].
[17] Y. Imamura and K. Kimura, “On the moduli space of elliptic Maxwell-Chern-Simons
theories,” Prog. Theor. Phys. 120, 509 (2008) [arXiv:0806.3727 [hep-th]].
[18] D. Martelli and J. Sparks, “Moduli spaces of Chern-Simons quiver gauge theories and
AdS(4)/CFT(3),” Phys. Rev. D 78, 126005 (2008) [arXiv:0808.0912 [hep-th]].
– 18 –
[19] J. Distler, S. Mukhi, C. Papageorgakis and M. Van Raamsdonk, “M2-branes on M-folds,”
JHEP 0805, 038 (2008) [arXiv:0804.1256 [hep-th]].
[20] N. Lambert and D. Tong, “Membranes on an Orbifold,” Phys. Rev. Lett. 101, 041602 (2008)
[arXiv:0804.1114 [hep-th]].
[21] M. A. Bandres, A. E. Lipstein and J. H. Schwarz, “N = 8 Superconformal Chern–Simons
Theories,” JHEP 0805, 025 (2008) [arXiv:0803.3242 [hep-th]].
[22] M. Van Raamsdonk, “Comments on the Bagger-Lambert theory and multiple M2-branes,”
JHEP 0805, 105 (2008) [arXiv:0803.3803 [hep-th]].
[23] K. Hosomichi, K. M. Lee, S. Lee, S. Lee and J. Park, “N=4 Superconformal Chern-Simons
Theories with Hyper and Twisted Hyper Multiplets,” JHEP 0807, 091 (2008)
[arXiv:0805.3662 [hep-th]].
[24] M. Aganagic, “A Stringy Origin of M2 Brane Chern-Simons Theories,” arXiv:0905.3415
[hep-th].
[25] J. Davey, A. Hanany, N. Mekareeya and G. Torri, “Higgsing M2-brane Theories,”
arXiv:0908.4033 [hep-th].
[26] M. A. Bandres, A. E. Lipstein and J. H. Schwarz, “Studies of the ABJM Theory in a
Formulation with Manifest SU(4) R-Symmetry,” JHEP 0809, 027 (2008) [arXiv:0807.0880
[hep-th]].
[27] I. R. Klebanov and A. A. Tseytlin, “Entropy of Near-Extremal Black p-branes,” Nucl. Phys.
B 475, 164 (1996) [arXiv:hep-th/9604089].
[28] S. Deser, R. Jackiw and S. Templeton, “Topologically massive gauge theories,” Annals Phys.
140, 372 (1982) [Erratum-ibid. 185, 406.1988 APNYA,281,409 (1988
APNYA,281,409-449.2000)].
[29] V. Borokhov, A. Kapustin and X. k. Wu, “Topological disorder operators in
three-dimensional conformal field theory,” JHEP 0211, 049 (2002) [arXiv:hep-th/0206054].
[30] D. Gaiotto and E. Witten, “S-Duality of Boundary Conditions In N=4 Super Yang-Mills
Theory,” arXiv:0807.3720 [hep-th].
[31] D. Berenstein and D. Trancanelli, “Three-dimensional N=6 SCFT’s and their membrane
dynamics,” Phys. Rev. D 78, 106009 (2008) [arXiv:0808.2503 [hep-th]].
[32] I. Klebanov, T. Klose and A. Murugan, “AdS4/CFT3 – Squashed, Stretched and Warped,”
JHEP 0903, 140 (2009) [arXiv:0809.3773 [hep-th]].
[33] Y. Imamura, “Monopole operators in N=4 Chern-Simons theories and wrapped M2-branes,”
arXiv:0902.4173 [hep-th].
[34] D. Gaiotto and D. L. Jafferis, “Notes on adding D6 branes wrapping RP3 in AdS4 x CP3,”
arXiv:0903.2175 [hep-th].
[35] S. Kim, “The complete superconformal index for N=6 Chern-Simons theory,”
arXiv:0903.4172 [hep-th].
[36] M. K. Benna, I. R. Klebanov and T. Klose, “Charges of Monopole Operators in
Chern-Simons Yang-Mills Theory,” arXiv:0906.3008 [hep-th].
[37] A. Gustavsson and S. J. Rey, “Enhanced N=8 Supersymmetry of ABJM Theory on R(8) and
R(8)/Z(2),” arXiv:0906.3568 [hep-th].
– 19 –
